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An adequatedescriptionof the phenomenaoccurringinsidea crystal requiresanadequate
descriptionofthe“space”within thecrystalcharacterizedby theexistenceof a regularnetwork
of “privileged” points (the equilibrium positionsof the atomsof thecrystal).The main pur-
poseof this article is to showthat this can bedoneby using a discreteclassof “privileged”
referencesystemsandnotionssuchastopologicalmanifold,topologicalgroup, vectorbundle
in a way thatextendsmethodswell known in the usualformulationofClassicalMechanicsor
SpecialRelativity in termsof DifferentialGeometry.

In the caseof the crystalshavingthe structureof diamond (the correspondingsymmetry
group is thecrystallographicgroupO~andit includessemiconductorssuchassilicon andger-
manium)eachatomhasfour nearestneighbouratomsandthesystemofthefour correspond-
ing axesis a privilegedreferenceframe. We indicatesomeOh-invariantmathematicalobjects
in certainnumericalO~-spacesand weprovethat theycanbeassociatedto thecrystalby using
theclassof privilegedreferenceframesin a way that doesnot dependon theparticularrefer-
ence frame we use.They have physicalmeaning;an obvious O~-invariantform and their
expressionsin the descriptionsactually usedin Crystal Physicsare very intricateanddifficult
to use.From a mathematicalpointof view, thepresentpapercontainssomeinterestingexam-
plesof topologicalmanifolds,vectorbundlesandrepresentationsofO~.
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Introduction

Oneofthemostimportantmethodsto studyaphysicalsystemconsistsin using
aspaceof mathematicalobjectsas amodel.In manycases,this startsby consid-
ering the physicalspaceas a setof geometricpoints~ (as in Solid Geometry)
andassociating“coordinates”with respectto areferencesystemto eachofthese
points. An adequatechoiceof the usedcoordinates(Cartesiancoordinates,
sphericalcoordinatesetc.) simplifiesthe formalismof the model.

The empty spaceis assumedto be ahomogeneousandisotropicspaceanda
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particularreferencesystemcannotbechosenin anaturalway. Thepresenceof a
physicalfield with a centralor axial symmetryallows us to determineaclassof
“privileged” referencesystems.This can also be done in the caseof the space
within a crystal,wherethe regularnetworkof the equilibrium positionsof the
atomsofthecrystalcanbeconsideredasasubset~ of .~ containing“privileged”
points.

Eachreferencesystemestablishesa correspondencebetweenthephysicalsys-
temand the model,but the informationaboutthe physicalsystemthat we can
obtain mustbe independentof the referencesystemwe choose.Only certain
mathematicalobjectscanhavephysicalmeaningandwe haveto find out such
objects.In thecaseofClassicalMechanicsorSpecialRelativity, aformulationin
termsof Differential Geometrysimplifiesthe solutionof thisproblem[1].

Themain purposeofthisarticle is to provethatanextensionof thesemethods,
obtainedby usingnotionssuchas topologicalmanifold, topologicalgroup and
vectorbundle,areusefulin modellingthe physicalphenomenaoccurringinside
acrystalhavingthestructureof diamond(for example,insideacrystalof silicon
or germanium).In thiscase,the equilibriumpositionof eachatomof thecrystal
is the centreof the regulartetrahedronformedby theequilibrium positionsof its
four nearestneighbouratoms.

Foreachpointof ~ the directionscorrespondingto the fournearestpointsare
“privileged” directionsandtheclassof all referencesystemswhoseoriginsbelong
to ~ andwhoseaxesare “privileged” axesis a classof “privileged” reference
systems.Since for eachpoint of ~ thereare four privilegeddirectionsand we
cannotchoosethreeofthemin naturalway, we shallusereferencesystemshaving
four axes.Theterm “referenceframe”will designatesucha referencesystemto-
getherwith an indexationof its axesby using the symbols0, 1, 2, 3. Up to an
indexationof its axes,auniquereferenceframe correspondsto eachelementof

A few mathematicalspacesthat canbe usedas modelsareintroducedandfor
eachof themit is shownthateachreferenceframedefinesa naturalcorrespond-
encecrystal—model.

A naturalrepresentationof O~as group of transformationsis indicatedfor
eachof thesespacesandthe consideredO~-invariantmathematicalobjectscan
be associatedto the crystalby usinga referenceframeandindependentlyof the
referenceframewe choose.Possiblephysicalinterpretationsaresuggested.

All themathematicalideasinvolvedin thesedevelopmentsarewell knownand
our contributionconsistsin usingthem in the caseof new mathematicalspaces.
Theideaof associatinga vectorspaceconsideredas afibre to eachatomandthe
ideaof consideringthat in certainphysicalphenomenaonly the nearestneigh-
bouratomsareinvolved andthe local symmetryplaysanimportantrole arefun-
damentalideasfor our descriptions.Suchideaswerepreviouslyusedin models
for quasicrystals[2—5],amorphoussolids [6], glasses[71,growth of crystalline
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andrandomatomicstructures[8,9], dislocations[10], classificationof defects
[11,12] etc. In mostof thesecases,the problemconsidered,the mathematical
formalism andthe terminologyarevery differentandit is difficult to detail the
existingsimilitudes.

1. ThediamondstructureandthespacegroupO~

LetPbethefield of all realnumbersandW0bethe subspace{ (a,a,a, a) I aeP}
of thevectorspace(P

4={x= (x
0, x1, x2, x3)Ixo, x~,x2, x3eP}, +, .) considered

with the usualstructure

(x0,x1,x2,x3)+(y0,y1,y2,y3)=(x0+y0,x1+y1,x2+y2,x3+y3)

)~(x0,x~,x2,x3)= (Ax0, Ax1,Ax2,AX3) . (1.1)

Thesymbol [x0,x1, x2, x3] will be usedfor thecoset

(x0,x1,x2,x3)+W0={(xo+a,x1+a,x2+a,x3+a)IaeP}

correspondingto the element (x0, x1, x2, x3)eP
4 in the factor vector space

(P4/W
0, +, •). Thisvectorspacewill bedenotedby P andwenotethat its struc-

tureisgivenby

[x0,x1,x2,x3]+[y0,y1,y2,y3]=[x0+y0,x1 +y1,x2+y2,x3+y3]

A[x0,x1,x2,x3J= [Axo,Ax1,Ax2,Ax3]. (1.2)

Let E4 be thegroup of all permutations, a: ~0, 1, 2, 3}—+{0, 1, 2, 3), of the set
{ 0, 1, 2, 3), let A:P—~Pbe the bijectionA[xo, x1, x2, x3] = [—x0+ 1, —xi, —x2,
—x3], andlet Aa:P—*Pbethelinear isomorphismAa[Xo, X1,X2, X3] [Xa(o), Xa(i),

Xa(7),Xr(3) I for all acE4.Thesubset

Ta= {Aa : P-*PI acE4}
of the group GL(P) of all linear isomorphismsof P can be consideredas a
subgroupandE4—3Td, ai-+Aa is agroupisomorphism.

The linear isomorphism~:P—’P
3,

i~[x
0, x~, x2, x3]

=(—x0—x1+x2+x3,~x0+x1.—x2+x3, —x0+x1+x2—x3), (1.3)

andits inversei~ :P
3—*P,

~~‘(x,y,z)=[0, (y+z)/2, (x+z)/2, (x+y)/2] , (1.4)

allow usto identify thesetwo vectorspacesandto bring themathematicalstruc-
turesweusuallyconsideron ~to the spaceP. Forexample,
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3
<[x0,x1,x2,x3], [~0,y1,y2,.y3]>=3 ~ X1y1— ~ X~3)j~ (1.5)

1=0 i�k

is theusualscalarproductand

d( [x0, x1, x2, x3], [Yo,Yi, Y2, Y3]

/ 3 \i/2

=*~ ~ (x1—y1)~—~ (x~—YJ)(xk—Yk)) (1.6)
j=0 j~k

is theusualdistanceon P.
One verifies easily that A andAff are isometries of P, that is, d(x,y)=d(A(x),

A(y)), d(x, y)=d(Aa(x),A~(y))for all x,yePand acE4. Wedenote by6the
subgroupgeneratedby {A} u {A~IacE4)of thegroup Isom(P)of all isometriesof
P.

A mappingf:P—P is calleddifferentiableif the mapping~of: P k~is differ-
entiableandwedefine

df/dt=
1((d/dt)(~~f)) . (1.7)

A mappingf:P—P is said to be C’~-differentiableif ijofo ~— : P3—~P3is c’~-
differentiable.

Let 7L={..., —3, —2, —1,0, 1,2,3, ...} bethesetof all integersandSbethe set

{n=(n
0, ~i, fl2, n3)eZ

4In
0+n1+n2+n3c{0; l}}

TheinjectivemappingS—~P,(ne,n1,n2, n3)i-~[n0,n1, n2,n3] allowsusto identify
the set S with the subset.{[n0, n1,n2, n3]I(no, n1, n2, n3)ES) ofP. Onecaneasily
see that S is a6-invariantsubsetof P,that is,g(n)eSfor all neS and geG. More
than that, the group6 andthe groupG’={gI~:S-.*S~ge6}areisomorphic.

Let R’h={O, 1, 2, 3, ...,} be the set of all naturalnumbers,0!= 1, l!=~1 and
k!= 123~~kfor all kcN,k> 1. The mapping

ô:SxS,ö((no,n1,n2,n3),(n’o,n~,n’2,n~))=~In1—n~I, (1.8)

is a distance on the set Sand onecan easilyseethatit is 6-invariant, that is, ö(n,
n’)=~(g(n),g(n’)) for all n, n’eSandgc6. Wecall it the intrinsic distanceon
S. Themapping

N:SxS-~N,

N((n0, n~,n2, n3), (nh, n~,n~,n’3))

= (~pj,>,0 (n—n1))!(~~’<~~(n~—n5))! (1 9)

lno—n~I!In1 —n~I! 1n2—n’2 I! n3—n’3 I!
is anotherexampleof a6-invariantmapping.
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Let A, A0, A1, A2, A3 beelementsof ~ suchthatA is the centreof the regular
tetrahedronAOAIA2A3. We denoteby e~e1,e2, e3 the vectorscorrespondingto
theorientedsegmentsAA0, AA1, AA2, AA3, respectively,ande0= —e0, ë1=

e2 = — e2, e3 = — e3. The diamondstructureis a subset~ of ,~?1that can be gener-
ated as follows. The pointsA, A0, A1, A2, A3 belongto ~. At eachof the points
A0, A1, A2, A3 takenas initial pointweconstructrepresentativesof thevectorsë~,
ë~,e2, e3. Theterminalpointsofthesesegmentsbelongto ~. Then at each of the
terminalpointsthusobtainedconsideredas initial point we constructrepresen-
tativesof the vectorse0, e1, e7, e3. The terminal pointsof the last constructed
segmentsbelongto ~ andby choosingeachof themas initial pointwe construct
representativesof thevectorsë0, e1, e2, e3 andsoon (we constructalternatively
representativesof e0, e1, e2, e3 andrepresentativesof~0,ë~,e2, e3 by choosingas
initial pointeachofthe lastobtainedpoints).

A uniquepointBE d~satisfyingthecondition

AB=e,1+ej2+e~3+e14++e1~ (1.10)

can in anaturalway beassociatedto eachfinite sequence

e11e,,e,3e,4e,~, (1.11)

wherei1e{O, 1, 2, 3), elk =e,k fork oddandelk =e,~fork even(barredsymbols
and non-barredsymbolsalternateand eachsequencestarts by a non-barred
symbol).

Two such sequencesaresaidto be equivalentif oneof them canbe obtained
from theotheroneby usingoperationssuchas:

/ 3
~

A0

A
e1

A2 e3 A1
A

e

eO
e e

e1 e1
ee2 ~ e1 3

.3 C

Fig. 1. Thediamondstructure.
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e~eIek”—~”ekeJeI” (1.12)

(permutation of two neighbouring non-barred components),

Iek~-k”~ekeIeE~” (1.13)

(permutationof twoneighbouringbarredcomponents),

e,eJeIe/—~e~ek~ or e,eIeIek—*”~elek” (1.14)

(elimination of a sequence of the form ~ or

eIe~—-~eIeIejek.~”or ~ (1.15)

(insertionof asequenceof the form e~e~or ~ This is an equivalencerelation
and we can divide the set of all sequences(1.11) into equivalenceclasses.One
can see that two sequences (1 . 11) describe the same point if and only if they are
equivalent and ~ canbeidentifiedwith thesetof all the equivalenceclassesthus
obtained.

Weassociate to each sequence (1.11) theelement(n0, n1, n2,n3) E Z
4, wheren,

is thenumberof appearancesof e, inside it minusthe numberof appearances of
ë,, for any~E {0, 1, 2, 3). Oneseesimmediatelythatweobtainabijectionw: ~
Theequivalenceclasscorrespondingto point C in fig. 1 contains sequences such
as e

3ë0e1,e1~0e3,e3ë0e2d,e1,e2d0e3ë2e1,etc.and~(C) = (— 1, 1, 0, 1).
One verifies easily that a bijection !P: .~—~Pis obtained if we associateapoint

B to each element (x0,x1, x2, x3)Ell
4 satisfying the condition AB=x

0e0+

x1e1+x2e2+x3e3.
Let S be the set of all elements(D, D0, D1, D2, D3)E~ such that D0, D1, D2,

D3 arethe four nearestneighbourpointsof D. We obtainabijectionbetween5
and the set of all reference frames if to each (D, D0, D1, D2, D3)E S weassociate
thereferenceframe havingD as origin andwhosef-axis is directedto D1 for all
jc{0, 1,2, 3). We canstart from any elementy=(D, D0, D1, D7, D3)cS and
regeneratethesetd~byusingthemethodpresentedabovewith D, D0, D1, D7, D3
insteadof A, A0, A1, A2, A3, respectively.Let ~ ~—~Sand~ ,~—Pbe thecor-
respondingbijections.

Let a=(A, A0, A1, A2, A3)eS andlet A’1, A’3, A’3 be pointsof ~ suchthat
AOA’I, AOA’3, AOA’3 are representatives of the vectors ë1, e2, e3, respectively (see
fig. 1). If e~ë,,eI3ël4”~ekdescribes a point Bc.~?with respectto (A, A0, A1, A2,
A3), then e0ë,1e~,ë~,e•4 ~“e’~describes the same point with respectto /1= (A0, A,
A~, A’3, A’3) ande~..~,, (j2 )e7_l (ll)~~e,l_I(1k) describesthe same point with
respect to aa=(A, A~,(o), Aa(I), ACt2), AU(3)) for any UEE4 (e~=e,~fork even
ande,~= elk for k odd).Onecaneasilyverify that

1 (n0, n1,n2, n3)= (nC(O), nC(I), ~C(2), nC)3)) , (1.16)
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forall (n0, ni, n2, n3)eS,whence ~ =A andw~ow~
1A~Thus,A~repre-

sents the change of coordinateswhenwepassfrom a referenceframeto another
onehavingthesameorigin, andA is the changeofcoordinateswhenwepassfrom
a reference frame to another one having as origin one of the nearest neighbour
points of the origin of the first reference frame.

Obviously,wecanpassfrom a referenceframeto anyotheroneby performing
successive such transformations, and the set of the changes of coordinatescorre-
spondingto all thesetransformationscoincideswith thegroup6’ in thecaseof~
andwith the groupGin the caseof ~.

Let y, y’ES and B, B’egi. SinceV’~~~ EG andthedistanced:PXP—~Pis 6-
invariant,weget

d(W~,(B),W~,.(B’))=d((!I’
3,~~‘~‘)(W~,.(B)), (W),o ~I’~

1)(W~,.(B’)))

=d(~(B), W~(B’)).

This showsthatwecandefine

d:~x~-~P,d(B,B’)=d(W~,(B),W~(B’)), (1.17)

independentlyof the referenceframe y we choose.The mappingd is the usual
distanceon ~

In asimilarway, we candefinetheintrinsicdistanceon the diamondstructure,

o:~x~—~r~,ö(B,B’)=(w~(B),~~(B’)) , (1.18)

andthemapping

N: ~ N(B, B’)=N(~v~(B), ~i~(B’)) (1.19)

independently of the reference frame y weuse.
Thesymmetrygroupofthediamondstructure(denotedby 0 ~in CrystalPhys-

ics) is definedasthegroupof all isometricsof ~ thatleave~ invariant [13,14].
Let yeS be a fixed elementof S. Evidently, W~’~Ao !P~and ~ oA,~o !P~are
isometrics of ~ and hence they belong to O~for any acE

4. From the definition
of 6 it follows that W~

1ogo~ eO~for anygr6. Since6 containsthe transfor-
mationsof coordinatescorrespondingto all changesofreferenceframes,onecan
seethatO~={W~ogo ~P~,Ige6}.

The mapping 6—~O~,g—~’!P)1 ogo~ is agroup isomorphismandthe symbol
O~will alsobeusedinsteadof 6and6’. Thus,we have defined a linear represen-
tation of O~in the spaceP anda representationof O~as group of permutations
[l5J in thespaceS.

We combinesomeof the resultswehavejustprovedin

Theorem 1.
~
(b) A mathematicalobjectisO~-invariantif andonlyif it is invariantunderthe
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transformationsA andACfor all acE4.
(c) Each reference frame ye S defines a bijection ~ ~ —*P anda bijection

~: ~

For any y, y’eS the bijections ~IJ ~J~1 :P—P and ~ :S—~Sbelongto
(e) For anyyeSandfor anyge0~,thereexistsy’cSsuchthat go ~I’,=W~.and

go ~ Wy.

2. F-topologicalmanifolds

Let E beasetandSubE bethefamily ofall subsetsofE. Foranyef ~ SubEwe
denoteby UD~,~D (flD~ ~D) theunion (intersection)of the setsbelongingto the
family ~.

A family .5 SubE is calleda topology on E if ~eS, EeS, UDE,~DeS for
all 4”~S and flD,~DeS for all finite ~°c~ S. A topologicalspace(E, 5), or
simplyE, is a setE togetherwith agiventopology.5on E.

The family SubE is atopology on E and (E, SubE) is calleda discretetopo-
logicalspace.Thesets5, ~ and0~will beregardedas discretetopologicalspaces.

Let d:ExE—~llbe adistanceon thesetE andB(a, r) ={xeEld(x, a) <r} for
any aEEandr> 0. The family of all subsetsD ~ E suchthat for anyaeDthere
exists r> 0 satisfyingB(a, r) ~ D is a topology on E. The spacesP and ER”
(neF~i\ {0}) will beconsideredastopologicalspaceswith thetopology associated
to theusualdistance.

If E1 c:E is a subsetof the topological space (E, 5) then
51E, ={Dn

E
1 IDeS) is atopology on E1. The space(E1, SIE~) is calleda topologicalsub-

spaceof (E, ,9).OnecanseethatS canberegardedasa topologicalsubspaceof
P.

Let (E,5), (F, ~) betwotopologicalspaces.Thefamilyof all thesetsDc: EXF
suchthat for any (a, b)ED thereexistsUeS, Ve~satisfying (a, b)eUx Vc:D
is a topologySx~ on EXF. The space (EXF, Sx~) is called the productof
thetopologicalspaces(E,S) and (F, ~). Evidently,theproductof two discrete
topologicalspacesis a discretetopologicalspace,andparticularlyS x 5, O~X0~
andO~x S arediscretetopologicalspaces.

Let (E,S), (F, ~) be two topologicalspaces.A mappingf:E—*Fissaidto be
a continuousmappingiff~(V)={xcElf(x)eV}eS for all Ve~.Obviously,
if Eis adiscretetopologicalspacethenanymappingf:E—~Fis acontinuousmap-
ping. The continuousmappingf:E—~Fis calledahomeomorphismif.f is abijec-
tion andf

1 :F—~~Eis also a continuousmapping. The mappings fl:P-4P3,

1F~:.~—+P,W~:~—~Sdefinedin section1 arehomeomorphisms.
A topologicalgroupis atriple (G,~,~), denotedsimplyby G, suchthat (G,~)

is agroup, (G, ~) is atopologicalspaceandGxG—~G,(x, y)i—~xy—1isacontin-
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uousmapping,wherey —1 is the inverseofy.
The set GL (n, P) of all real nx n non-singularmatricesa = (a~)(the matrix

whoseith row andjth column entryis ai), consideredtogetherwith the multipli-
cationgivenby

(a~b)~=k~Ia~b~ (2.1)

fora= (ai) andb=(b~),isagroup.Theidentification(a~)—~(a~,a), ..., a~,a~,
..., a~,a~,..., a~)of GL(n, R) with a subsetof P”

2 definesthe structureof a
topologicalspaceon GL(n, ER). Oneseesalsothat (a, b)~-*a~b1is acontinuous
mappingandhenceGL ( n, ER) is atopologicalgroup.

Let I~=I~=I)=—I~=l,I~=0fori,jc{l, 2,3,4)with i�jandletI=(I~).
For eachmatrix a we denoteby a its transpose(a)~= a~.The setL of all the
matricesgeGL(4,ER) satisfyingthe conditiongI,~=I is atopologicalsubgroup
of GL(4, ER). It iscalled theLorentzgroup.

The group O~togetherwith the structureof adiscretetopologicalspaceis a
topologicalgroup.

Let Ebeatopologicalspace,Gatopologicalgroupandlet ebetheunitelement
of G. We saythatthegroupGactscontinuouslyonEif thereisgivenacontinuous
mappingGXE—*E, (a,x)u-~a~x,suchthata(b~x)= (ab)x, e~x=xfor all a, bEG
andXEE. The mappingLxER4-+ER4,((a~),(x’))~-*(~

1aix”) definesan ac-
tion of the Lorentz group L on the spaceER

4 and the mappingsO~xS—~S,
(g, n)~-÷g(n),O~xP—P,(g,x)i-~g(x)consideredin section 1 defineactionsof
O~on thespacesS andP,respectively.

Let (F, ~) beatopologicalspace.A pseudogroupofhomeomorphismson F is
asetFof homeomorphismssatisfyingthefollowing conditions [16,17]:

(a) eachfeFisahomeomorphismof an opensetofFontoan opensetofF;
(b) foreveryDc~, theidentitytransformationof D is in 1’;
(c) iffis in F, thenf — ‘is in F;
(d) iffeFis ahomeomorphismof Uonto Vandf’eFisahomeomorphismof

U’ onto V’ andVn U’ is non-empty,thenthehomeomorphismf‘ofoff -~ ( Vn U’)
ontof ‘( Vr~U’) is in 1’.
A pseudogroupF of homeomorphismsof F is saidto be transitiveif for everyx,
yeF,thereexistsfeFsuchthatf(x)=y.

Let GXF—l.F, (a, x)i-~a~xbe anactionof thegroupGon thetopologicalspace
(F, ~) and let La:F—~Fbe the mappingLa(x)=a~Xfor any aeG. The set
{LaID:D~La(D)IaEG,De~}ofall the restrictionsof the mappingsLa, aeGto
theopensetsDc ~ isapseudogroupof homeomorphismsofF. ThesymbolGwill
alsobe usedto denotethis pseudogroup.Particularly, we canconsiderthe Lo-
rentzpseudogroupof homeomorphismsL on the spaceP4andthe pseudogroup
of homeomorphismsO~on the spacesP andS.

A topologicalspace(F, ~) will be calledanumericalspaceif eitherFc: C” or
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Fc: SubC”, for acertainne~.Evidently,5, P, ER”, C” arenumericalspaces.
Let (F, 2~)be anumericalspaceandlet Fbeapseudogroupof homeomorph-

ismson F. A F-atlasof atopologicalspace(M, 5) is a family of pairs (U1, ço,),
calledcharts,suchthat [17—19]

(a) each U, is an opensetofMand U, U1=M;
(b) eachço~is ahomeomorphismof U1 ontoanopensetofF;
(c) wheneverU, nL~is non-empty,the mappingq~,~ 1 of ço~(U~n L~,•)onto

q.’1(U1~U,) is an elementofF.
A F-atlasof Mis saidto bemaximalif it is not containedin anyotherF-atlas

of M. EveryF-atlasiscontainedin auniquemaximalF-atlas.A F-structureon M
is amaximalF-atlasof M. A F-topologicalmanifoldisaHausdorffspaceM (that
is, atopologicalspaceM suchthat for anyx,yeM, x~ y, therearetwo opensets
D1 andD2 suchthatxeD1,yED2, D, nD2=O)togetherwith a fixed maximalF-
structure.To giveit wecanindicateacorrespondingF-atlas.

In the caseF= P or F= ER,,, apseudogroupof homeomorphismsFon F is said
to beapseudogroupofdiffeomorphismsof classC” (rert~),if eachfeFisadiffer-
entiablemappingof classC~.In this case,aF-topologicalmanifoldis saidto bea
F-differentiablemanifold.Let rerk~J,yeSbeafixed element,‘Fr: ,~1—~Pbethecor-
respondingbijection (seesection1) andlet F1 be the setof all local Cr~diffeo~
morphisms of P. The F,-atlaswhoseuniquechart is (,~,~1~)determineson ~
thestructureof aF,-differentiablemanifold for all re~.

Let ~ ~ be asubsetof ~ consideredas adiscretetopological spaceandlet
— w~( ~) betherestrictionof thebijectionW~:~ — Scorrespondingto afixed

reference frame ye S. The O~-atlas ~ ~,)} determines on ~ the structure of
anO~-topologicalmanifold,andit canmodel,for example,a“finite” crystalhav-
ing the structureof diamond.

Sometimesit is more adequateto usea “preferential” F-atlasto define the
structureof aF-topologicalmanifold insteadof a maximalF-atlas.Let F be a
numericalspace,GXF—~Fbe an actionof a group G on F, M be atopological
spaceand let ~: M—”F be ahomeomorphism.Thens4= { (M, Q3~)geG), where
(Og:M4F, cog(x)=g’~(x),is a“preferential”atlas,whichcan beusedto bring on
M the G-invariantstructureof F.

In SpecialRelativity one considers space—time as a set ,2’ of all events.An in-
ertial referencesystemestablishesabijection~: .2’—~P

4andonecan seethat the
corresponding“preferential” L-atlasd

1, coincideswith the set of bijectionscor-
respondingto all inertial referencesystems.The L-invariant mathematicalob-
jectswecanconsideronER

4 canbebroughton ..2’ by usingthisL-atlasandusedin
modellingphysicalphenomena.Similarly, theorem1 from section1 provesthat
theO~-atlas~ of ~ coincideswith thesetof thebijectionscorrespondingto all
referenceframes.It allows us to bring on ~ the 0~-invariantmathematicalob-
jectswecanconsideron Sandto usethem in modellingphysicalphenomena.We
havealreadyusedthis atlasto define the mappingsö: ~ x .~A—‘~, N: ~ X ~3~’—‘N
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[see(1.18), (1.19)] andotherexampleswill begivenin the nextsection.
We concludethissectionby indicatingageometricinterpretationfor themap-

pingsô:ø~xB?~N,~ For anyB, B’e3~the numbersö(B, B’) and
N(B, B’) representthe minimum numberof elementarysegments(segments
havingtwo nearestneighbourstructurepointsas endpoints)thatonemusttrav-
erseto reachpoint B’ on the diamondstructurestartingfrom B andthenumber
of pathshavingthis lengththat connectthesetwo points,respectively.To prove
this we useaconvenientchart(~, w7) satisfyingtheconditionw~(B’)= (0, 0, 0,
0), that is, achartcorrespondingto areferenceframehavingB’ as origin. In this
referenceframe,to describethepointB we canuseasequence(1.11) havingthe
propertythat for anyje{0, 1, 2, 3) atmostoneof e~,ë~appearsin it. Evidently, it
hasaminimumnumberofcomponentsnol + n1I+ In2I + In3I =ô(n,o),where
n=(n0, n,, n2, n3)=~~(B)ando=(0, 0, 0, O)=~7(B’).The numberof barred
componentsin suchasequenceis the summ of the negativecomponentsof (n0,
n,, n,, n3) takenwith oppositesign andthat of non-barredcomponentsis the
sumpof the positivecomponentsof (n0, n1,n2, n3). We canpassfrom onesuch
sequenceto anotherby separatepermutationsof the barredcomponentsandof
the non-barredcomponents.But not all (—m) !p! sequencesthus obtainedare
distinct.ForeachsequencethereareIn0 I! In1 I! In2 I! In3 I! permutationsthatleave
it unchanged,andhencethenumberof minimal pathsis

(—m)!p! =N(n,o).

Inol! In, I! In2 I! In3 I!
The mappings5:~xd~—~NandN:~X~~Naredifficult to describeclassi-

cally. Forexample,the definition
3
~

J=
0

of ~ in a chartoccupiesalmosthalfapageif it is transposedin aclassicaldescrip-
tion ofthe diamondstructure[20].

Thesetwo mappingshavephysicalmeaning.In a crystalhavingthestructure
of diamondwe canassumethat two atomsB andB’ areboundto eachotherby
meansof otheratomsalongall minimal pathsconnectingthem.The “intensity”
ofthisbond dependson thenumbersö(B, B’) andN(B, B’).

Theproblemof theO~-invarianceof ôandN, which is obviousin our descrip-
tion,becomesa difficult problemin the classicaldescription.

3. Vectorbundlesandapplicationsto CrystalPhysics

Let W be a finite-dimensionalvectorspaceover thefield 1K = P or C andlet
it: E—~Mbeacontinuousmappingof thetopologicalspaceEontothetopological
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spaceM. Wedenoteby E,,thesetit — ‘(x) andcall it the fibre overthepointxfor
all xeM. A vectorchart (U, ~‘, W) on Eisahomeomorphism~:it~ (U)—~Ux W
suchthat Uis anopensubsetofMand r(1(x, h))=x for all (x, h)cUx W.

For agiven vectorchart (U, ~,,W) andfor eachxcU the mapping~‘ I : E~
~x}x W is abijection. We denoteby t.~the mappingt~:W~E~satisfyingthe re-
lation q(t~(h)) = (x, h) for all heW.

Two vectorcharts(U, q,, W), (U’, ~‘, W) on E arecalledcompatibleif either
Un U’=O or Un U’s~OandXi-~t~ot,~is a continuousmappingof Un U’ into
thegroupGL( W) ofall linear isomorphismsof W. A vectoratlason Eis afamily
{ ( U~,~, W)) of mutually compatiblevectorchartssuchthat U

1 U~= M. A triple
(E, it, M) consideredtogetherwith afixed vectoratlas { ( U,•, ço~,W)} is saidto be
a vectorbundle [18]. The elementsE, it, M, Warecalled the total space,the
projection,thebasespaceandthefibre, respectively.

The bijectionst~:W~E~correspondingto all the vectorchartsatx definethe
structureof avectorspaceon E~.

Thetriple (Mx W, it, W) consideredtogetherwith the atlas{ (M, ~, W)} whose
uniquevectorchartis (M, ~, W) andwhereit(x, h) =x, q’:Mx W~MxW, i’p(x,
h) = (x, h), is avectorbundle.It is saidto beatrivial vectorbundle.

Thebijection ‘Fr: ~ —~Pcorrespondingto afixed referenceframeyeS (seesec-

tion 1) definesthestructureof avectorspaceon ~. The studyof trivial vector
bundlessuchas (~xC,it, ~), (SXC, it, 5), ~ it, ~) andpossibleutili-
zationsin CrystalPhysicsarethe objectivesof thislast section.

A morphismof a vectorbundle (E, it, M) to avectorbundle(E’, it’, M’) is a

pair of continuous mappingsF:E~E’,f:M—*M’ such that foit=ir’oF and
FIE,~:E~—*E~X)is alinear morphismfor anyxeM.We saythat (F,f) is an iso-
morphism if F andfarebijectiveand (F — f _1) is amorphism of (E’, it’, M’)
to (E, it, M). An isomorphismof (E, it, M) to itself is calledan automorphism.

Let yeSbe a referenceframeandlet F~:,~xC-’SxCbe the mappingF)(B,
h)=(w~(B),h).The pair of mappings(Fr, W~)is an isomorphismof (.~XC,it,
~) to (SXC, it, 5). Foreachg:S~SbelongingtoO~andFg:SxC~SXC,Fg(n,
h)=(g(n), h), thepair (Fg, g) is anautomorphismof (SxC, it, 5). Thus,each
referenceframe definesan isomorphismof (~XC,it, ~) to (SXC, it, 5) and
the O~-invariantmathematicalobjectswe canconsideron (SXC, it, 5) canbe
broughton (dxC, it, ~

Let (E, it, M) be avectorbundle.A cross-sectionof (E, it, M) is acontinuous

mappings:M~Esuchthat (itos)(X) =x for all xeM.We denoteby ,2’(E, it, M)
the setof all sectionsof (E, it, M). The set 9°(E,it, M) hasthe structureof a
vector space over the field 1K with respect to the laws of composition
(s1+s2)(x)=s1(x)+s2(x)and(as)(x)=a~s(x).

For a trivial vector bundle(Mx W, it, M) anycross-sections is of the form
s(x)= (x, h(x)) andit canbe identified with the mappingh:M—’ W, xi—~h(x).
Let 12 (~) [12(5)] be the setof all the sectionss(B)= (B, h (B)) [s( n) = (n,
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h(n))] belongingto 9’(~xC, it, ~) [f~°(SxC, it, 5)] whichhavethe property
that thefamily (Ih(B) 2) [(Ih(n) I2)nEsl is absolutelysummable[211. We
use the symbol ~ Ih(B)I2 [~nEs Ih(n)I2] to denote the corresponding
sum.Onecanprovethat l2(.~) [12(S)] hasthe structureof aHilbert spacewith
respect to the scalar product <h

1, h2> = ~ h1 (B) .11~(BJ[(h1, h2>
~ (n)h1.

Togiveaphysicalinterpretationfor 12 ( ~), weconsiderthecaseof anelectron
in a crystalwith the diamondstructure.We assumethat the only possibleposi-
tionsof theelectronarein theproximity of anatomofthe crystal.Let I B> bethe
wavefunctioncorrespondingto thefollowingcase:theelectronisin theproximity
of the atom Be~ [22]. The general wavefunction is a superposition
~BE~ h(B) IB> andit is squareintegrableif andonly if hel

2(.~?l).
We obtainaunitary linear representation[23] of 0~in 12(5) by associating

to eachg:S-~ 5, ge0~, thetransformation

Tg:12(S)12(S) , (Tg(h))(n)=h(g1(n)) . (3.1)

Indeed,

[Tg,(Tg
2(h))](n)(Tg2(h))(g~’(n))h[g~(g~(n))]

=h[(g1g2)’(n)]= [Tg1,~,(h)](n)

for anyneSand

<Tg(hi),Tg(h2)> ~ [Tg(h,)](n)~f~]i~)iT~iJ
flES

= ~ h1(g’(n))h2(g~(n))
noS

=

for anygcO~,h,, h2e1
2(S).

We considertheoperator

A:l2(S)—~l2(S), (Ah)(n)= ~ v(ô(n,n’))~h(n’) (3.2)
n.Es

foranymappingv:N—~llsuchthatthesumexistsandAhel2(S)for anyhel2(S).
Thefournearestneighbourpointsof thepointn= (n

0,n1, n2, n3)eSare

n°=(n0 +(n), n~,n2, n3) , n
1= (no, n~+f(n), n

2, n3) (3.3)

n
2=(n

0, n1, n2 +f(n), n3) , n
3= (n

0, n1, n2, n3 +e(n))

where.E(n)=(_ l)no±nI±n2+n3.Let u:N—+Pbethemappingu(0)= —4, u(l)= I,
u(j)=Oforj>.l andlet

Ad:l
2(S)—~l2(S)
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(Adh)(n)=—4h(n)+ ~ h(n’)
n~cS,ó(n,n)_l (3.4)

3

= ~ h(n-’)—4h(n)
1=0

bethecorrespondingoperator.

Theorem2.
(a) TheoperatorsA definedby (3.2) are O~-invariantoperators, that is, A=

T~1oAoTgfor anygcO~.
(b) If k= [k

0,k1, k2, k3]eP satisfies

sin(—k0—k1+k2+k3) sin(—k0+k1—k2+k3) sin(—k0+k1+k2—k3)=0,

thenthe mappinghk:S—*C,hk(n) =exp(i(k, n>) is an eigenfunction[it belongs
to an extensionof the space1

2(S)] of the operator 4d correspondingto the
eigenvalue

Ek=4[— 1 +cos(—k
0—k1+k2+k3)

xcos(—k0+k1—k2+k3)cos(—k0+k1+k2—k3)]

Indeed,

[(AoTg)(h)](n)[A(Tg(h))](n)

= ~ v[ô(n,n’)]~[Tg(h)](n’)
n�S

= ~ v[ö(n,n’)]h(g~(n’))
ncS

= ~ v[o(g_l(n),g_l(n~)].h(g_l(n~))
n�S

= ~ v[ö(g
1(n),n’)]~h(n’)

flES

=(Ah)(g’(n))=[Tg(Ah)](n)=[(TgoA)(h)](n)

for anygeO~,hel2(S) andneS.The secondpart of the theoremcanbe easily

provedby direct computation[20,24].

In thecaseof aparallelepipedic(Bravais)latticeoneconsiders[25] thespace
of Jacobimatrices12 (7L3) andthe operator(calledthediscreteLaplacian)

zJd:l2(Z3)—~l2(7L3)

(Adh)(m)= ~ [h(m’)—h(m)] (3.5)
C

Irn’—rnI,~=1

= ~ h(m’)—6h(m),
me 3

rn —rn~+ =
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whereIm’—mI+ =~]=~Im~—m1I.Theoperators(3.4) and(3.5) havesimilar
expressionsandproperties.They areusefulin the constructionof theHamilto-
nianwhenwewantto describethe motionof an electroninsideacrystalwith the
diamondstructureandthestructureofa Bravaislattice, respectively.

Let P0bethe vectorsubspace

{(X0, X,, X2,X3)EP
4IX

0+X1 +X2 +X3 =0)

ofP
4andlet ,u:P—*P

0bethelinear isomorphism

3x2—x3—x0—x1,3x3—x0—x,--x2).(3.6)

One cansee that for any referenceframe yeS, the bijection X~=/L~!P~,:~1—*P0
associatesto eachpoint Be~ its orthogonalprojectionson the four axesofthe
referenceframey.

Eachatomof the crystaloscillateswith respectto its equilibriumpositionand
in interactionwith its four nearestneighbouratoms.An importantproblemin
CrystalPhysicsis thedescriptionof thesmallvibrationsoftheatomsof thecrys-
tal. To suggestapossibleutilizationof thetrivial vectorbundle(~x .~1,it, d~)in
thisproblem,we shallconsiderthe smalloscillationsof the atomsof the crystal
undersometheoreticalassumptionsaboutthe interactionof theatoms.

Let y= (A, A0, A1, A2, A3) eSbeafixedreferenceframe(an“initial” reference
frame)andlet e0,e1,e2,e3be the vectorscorrespondingto the directedline seg-
mentsAA0, AA1, AA2, AA3. ToanyotherpointBedl’ takenasorigin,weassociate
thereferenceframey~whosej-axis is parallelto e~for anyje{0, 1, 2, 3).

The pair of mappings(Fr, wy), whereF~:d~xd~—~SXP0,F~(B,D) = (w~(B),
x~(D)), is an isomorphismof the trivial vectorbundle(~xe?, it, ,~)to the
trivial vectorbundle(SxP0,it, 5).

Let y, y’e S be two arbitrary referenceframes.One can see that thereexist
g: S-÷S,geO~andgeE4suchthatw~ w)7” =g and

Fg,’°F3
1:SXPo’~SxPo,

Fg((no,ni,n
2,n3);(Xo,Xi,X2,X3))

=(g(n0, n1, n2, n3), (XC(o),X~(i),X’C(2),XU(3)))

Particularly, for g=A andg=A,,wehave

FA((nO,nl,n2,n3),(XO,Xl,X2,X3)) (37)

F4,,((n0,n,,n2,n3),(X0,X1,X2,X3)) (3.8)

=((nC(O),nC(,),nC(2),nC(3)),(XC(o),XC(l),XC(2),XC(3)))



122 N. Cotfas/ Topological,nanifbldsandvectorbundles

The pairs (Fg, g) areautomorphismsof (SxP0, it, 5) andanymathematical
object invariant under these automorphisms(that is, O~-invariant)can be
broughton the trivial vectorbundle(.~x ,~, it, ~) by usingthe isomorphisms
(Fr, WY),whereyeS.

We useacross-sections:S~SxP0,s(n) = (n,X(n)), or simply

X:S—~P0,ni—*X(n)=(X’0’,X7,X’2
1,X~)

to describethe positionsof the atomsof the crystalwith respectto theirequilib-

rium positions.A mapping
X:PxS—~P

0,X(t, n) = (X8(t), X’1’(t), X2”(t), X~(t))

will be usedto describethe time evolutionsof the atomsof the crystalwith re-
spectto theirequilibriumpositions.

We assumethat theprojectionon thej-axis of the force thatactson atom n
dependson the position of atom n with respectto its equilibrium positionand
alsoof the positionsof its four nearestneighbouratomsn’, je {0, 1, 2, 3), with
respectto their equilibrium positions.In addition,weassumethat it is a linear
dependence.Thenweget thesystemof equations

d
2 3 ~m—~X7(t)=~ /~X7(t)+ ~ ~ fi~X7’(t), neS,je{0,1,2,3), (3.9)

dt 1=0 q=0 1=0

wheremisthe massof an atomof the crystal,/3~,fi~areconstantsandn4, qe{0,
1, 2, 3), arethe four nearestneighbouratomsof atom n [see(3.3)].The condi-
tion X~(t)+X~’(t)+X~(t)+X~(t)=0andthe local symmetryshowthat some
of theconstants/J~,fi~areequalandtheycanbe expressedby usingthreeinde-
pendentconstants/3, /3’, /3”:

JIJ forj=l,
forj�1, (3.10)

1~’ forj=l_—q,
Qq_) —)fi’ for q=j~lorj�1=q,

forj=l�q,

Ufi’—)fi” forjsEls~toqvsj.

Theorem3. The systemof equations(3.9) with ~ ~ given by (3.10) is O~-
invariant.

Proof The invarianceunderthetransformationA is obvious[see(3.7)]. Since
/311=~ ~andfi~= I), it follows thattheequation

m ~ = ~ fi
11X~’h”~+ ~ ~

dt 1=0 q=0 1=0
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belongsto the system(3.9) andhenceis invariantunderthe transformationA~
for anyacE4[see(3.8)].

We shalldetermineparticularsolutionsof (3.9) of the form

X7(t)=exp[i(<k, n>—wt)]Y~(k), keP,weP. (3.11)

Weget
3

-mw
2Y

1(k)= ~/3~,Y,(k)
1=0

+ ~ {~/3~exp[if(n)(3kq_~ k~,)]}Y1(k),
1 0 q 0 p�q

andhence

—mw
2Y

1(k)=~ [ii~~+~ /3~cos(3kq_~ kp)]Yi(k), (3.12)
1 0 q 0 p�q

~[±/3~sin(3kq_~ kp)]Yi(k). (3.13)

t 0 q 0 p,~q

We consideronly thecase

3 /
~ f3~,sin(~,3k~—~ kp)0. (3.14)

q=0 p�q

For/i’�fi”weget

Kq3kq ~ k~e{aitIael), (3.15)p�q

whence

~qcosKqe{l, —l}

SinceK0+K, +K2+K3=0, it follows that the only possiblevaluesof �= (�~,~,,
e2, ~ are (1, 1, 1, 1), (—1, —1, —1, — I), (—1, —1, 1, 1), (—1, 1, —1, 1),
(—1,1,1, —1), (1, —1, —1,1), (1, —1,1, —1) and(1,1, —1, —1). Denoting
1=—mw

2,eqs. (3.12)become

3/ 3
~ (\pJ.l+ ~ /3.~q)Yi(k)~1’j(k),je{0, 1,2,3). (3.16)
1=0 q=0

Only three of these equations are independent. Replacing Y
0(k) by

— Y,(k) — Y2(k) —Y3(k)anddenoting
3

B11(fi11_fi10)+ ~ (fi~/3~j)~q, (3.17)
q=O
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weget thesystemof linearequations

(B11 B,2 B,3\fY,(k)\ (Y1(k)
(B21 B27 B,3 II Y,(k) J=1( Y2(k)
\,B3~ B32 B33J\Y3(k)J \Y3(k)

It canbewritten as (B—1I)Y(k)=0in obviousnotation.
In thecase~=(l, 1,1, 1)wehave

(~p+~p’+4fl”_1 0 0
B_)J=( 0 ~fi+~/3’+4fi”—1 0

0 0 ~fi+~/3’+4fi”—1)

andthe system(3.18)hasnon-trivialsolutionsonly for

A~=~fi+~fi’+4fi”.
Forthis valueof A anyY(k)eP0 is asolutionofeqs. (3.16).

Thecase~=(—l,—1,—i,—!) issimilartothepreviousoneandweget

~ 40

4fl~ 0”

‘~2—3P’3P p

Inthecase=(—l,—1,1, l)weget

(~p_2p’+2p”_A —fi’+fi” —fi’+fi”
B—AI=I 0 ~J3+fi’—fi”—A —fi’+/3”

0 —fi’+fi” ~/3+fi’—fi”—1

We obtainthenon-trivialsolutions

Y(k) =(—~),Y’(k) =(_~),YC(k)=( ~)
for 23 = ~fi—2/3’+2fi”, 24 = ~/3+2/3’—2fi”,15 = ~fi, respectively.

In eachof theremainingcasesone obtainsalsothe values13, 14, 15 andsolu-
tionsthatdiffer from Y(k), Y’(k), Y”(k) by apermutationof thecomponents.

One can expressw in termsof the constants/3, /3’, /3” by using the relation
A= —mw2andcandeterminethecorrespondingvaluesof kby usingtherelation
~qcosKq and (3.15).

4. Concluding remarks

We havepresentedthefirst elementsof anaturalmathematicaldescriptionfor
crystalshavingthe diamondstructureandsuggestionsaboutthe descriptionof
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thephysicalphenomenaoccurringin suchcrystals.A lessabstractpresentation
andconnectionswith theusualdescriptioncanbe foundin ref. [20].

We haveconsideredonly thesimplecaseof an “infinite” crystalwithout de-
fectsor impuritiesandwehaveusedonly atlasesofglobal chartsandtrivial vec-
tor bundles.The caseof a real crystal (that is, a finite crystalwith defectsand
impurities) seemsto be ableto bestudiedby usingatlasesof “local” chartsand
locallytrivial vectorbundles.

Theexpressionsof our O~-invariantmathematicalobjects in ausualdescrip-
tionof thesecrystalsarevery intricateanddifficult to use.Theyhavean obvious
invariantform in ourdescriptionbuttheir O~-invarianceis difficult to proveby
usingthecorrespondingexpressionsin ausualdescription.

Themathematicalspacesweusearealsointerestingfrom amathematicalpoint
of view.

Theauthorwould like to thankStereJanusfor usefulconversations.
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